The angular momentum of light can be split into a spin and an orbital component (SAM and OAM
I. Introduction
Besides energy and linear momentum, one can associate to the electromagnetic field also an angular momentum (AM) content. In the paraxial limit, e.g. when dealing with a beamlike optical field, this AM can be naturally split into two components: (i) a spin-like AM component (SAM), associated with the ellipticity of the light polarization, and (ii) an orbital AM component (OAM), associated with a nonzero average azimuthal gradient of the field, as in the case of a helical wavefront. While polarization and SAM have been widely studied and utilized in the photonics technology since a long time, the interest in OAM is more recent, and it has become very intense only in the last twenty years (see, e.g., Refs. [1, 2] and references therein).
Liquid crystals (LC) are materials that are particularly well suited for interacting with the angular momentum of light, owing to their anisotropic properties, to their softness allowing for a relatively easy spatial patterning, and to the their flexibility to an external control by means of electromagnetic fields [3] . The LC optical response shows a great sensitivity to the specific interaction geometry, and the LC nonlinear optical properties can be also largely modified by altering only slightly the material composition, e.g. by adding suitable dopants (see, e.g., Refs. [4] [5] [6] [7] [8] [9] [10] and references therein). Being birefringent, LCs couple very naturally with the SAM component of light, but more recently it has been shown that they can be also used to control effectively the OAM component. More precisely, a LC cell with a singular pattern of the nematic director can introduce a strong spin-orbit coupling in the light propagation, resulting into strong variations of both SAM and OAM. In particular geometries, these variations can be interpreted as a spin-to-orbital conversion of the angular momentum of light [11] . This is the physical principle behind the so-called "q-plate" [11] [12] [13] , a LC-based device that has been attracting increasing attention in the last years, owing to its possible applications in both classical and quantum photonics [14] . Many of these applications descend from the possibility of establishing a physical "one-to-one mapping" between the polarization Poincaré sphere and an isomorphic OAM subspace of an optical beam or of a single photon. This paper is structured as follows. In Section II, we review the q-plate concept and recent technology. Next, in Section III, we will discuss the mapping between polarization and OAM spaces that can be realized by means of the q-plate technology. Finally, in Section IV, we will briefly survey the recent results obtained in quantum photonics, based on this mapping, and summarize our conclusions.
II. The q-Plate: Concept and Technology
A q-plate is built as a planar LC cell having thickness and birefringence selected so as to induce a homogeneous birefringent phase retardation δ at the working wavelength λ, for light propagation perpendicular to the cell plane walls (z axis). The LC nematic director n is assumed to be uniform in the z direction, but inhomogeneous in the xy plane of the cell, according to a prescribed pattern n(x, y) = n(r, ϕ), where r and ϕ are the polar coordinates in the xy plane. In particular, the q-plate pattern is specified by the following expression:
where α(r,ϕ) is the angle between the director n(x, y) and the x axis, α 0 is a constant angle specifying the director "initial" orientation on the axis x, and q is an integer or semi-integer constant specifying the q-plate topological charge. It can be easily proved that the Jones matrix M describing the q-plate action on the optical field at each transverse position r,ϕ is the following:
where δ is the above-mentioned birefringent phase retardation. Let us now assume that at the q-plate input there is circularly polarized wave (with SAM = ±h) having an arbitrary OAM given by mh, where m is the OAM quantum number. Its Jones electric-field vector is then given by
where E 0 (r) is a radially-dependent arbitrary amplitude and ± is + for the left-circular case and − for the right-circular one. At the q-plate output, we then obtain the following Downloaded by [Lorenzo Marrucci] at 14:39 13 June 2012
field:
where
This output field can be interpreted as a coherent superposition of a first wave that has the same circular polarization and OAM as the input one, and a second wave having reversed circular polarization and a modified OAM given by m h (plus a uniform phase shift of ±2α 0 ). The relative amplitude of these two components of the output field is fixed by the birefringent retardation δ. A q-plate is said to be tuned if δ = π (modulo 2π ), so as to cancel the first wave, i.e. that having unchanged properties, and hence to obtain a maximal (in principle unitary) conversion of the input wave into the second term, i.e. the wave having reshaped wavefront. A precise tuning of the q-plate can be obtained by acting on the LC cell via a suitable external control-parameter, such as the cell temperature or an applied voltage. In particular, a temperature control can be used for adjusting the LC birefringence n [15] . A static or low-frequency electric field can be used instead for reorienting the LC director in a tilted orientation with respect to the xy plane, so as to decrease its effective birefringence, while keeping the same projected director pattern on the xy plane, as specified by Eq. (1) [17] .
It can be useful to introduce a quantum notation to describe the optical effect of a q-plate. For the case of a tuned q-plate, the transformations induced by the q-plate on circularly polarized light carrying OAM can be then rewritten as follows:
where the first symbol in the ket indicates the polarization state (L, for left-circular and R for right-circular) and the second is the OAM quantum number. This behavior is pictorially illustrated in Fig. 1 . Most importantly, the q-plate is a coherent device that conserves linear combinations, so that an input light having an arbitrary (generally elliptical) polarization is transformed according to the following law:
In the first expression on the left-hand-side of this equation we have used a notation separating the polarization degree of freedom (labeled with a subscript π ) and the OAM one (labeled with a subscript o), so as to show more clearly that the input wave has a single well-defined elliptical polarization and a single OAM value. At the output, on the contrary, we obtain a non-separable optical state, in which polarization and OAM are "entangled" (although there is no non-locality involved in this form of entanglement). For a classical wave, this non-separability corresponds simply to the fact that the polarization is not uniform across the wave cross-section. An example of such output field is shown in Fig. 2 .
We should emphasize that Eqs. (6) and (7) omit to describe the effect of the q-plate on the radial profile of the optical wave. This effect has been discussed in Refs. [20] [21] [22] . In many applications, this radial effect can be ignored, either because the radial profile for the two opposite circular polarizations. The lower two panels refer to the case q = 1. In all cases, the output polarization handedness is inverted and the output OAM acquires ±2qh of angular momentum, with the ± sign determined by the input polarization handedness [11] .
factorizes and therefore is the same for all field components or because the propagation occurs on a sufficiently short distance that its effects remain negligible. Conversely, in some other cases, the working principle of the desired application depends on the radial effects arising from the q-plate and on the subsequent free optical propagation [15] [16] .
The first q-plates were prepared by a circular rubbing procedure [12] , which was well suited only for the pattern with q = 1. More recently, we have moved on to a non-contact photo-alignment technique, allowing for a preparation of electrically-tuned q-plates with Figure 2 . Calculated pattern of intensity (in false colors) and polarization (arrows) for the optical field that emerges from a tuned q-plate with q = 1 when the input light is linearly polarized (with horizontal orientation, relative to the figure). It can be seen that the output intensity is shaped as a doughnut and the polarization is everywhere linear but space-variant, so that polarization and transverse mode result to be non-separable properties. In the quantum language, the spin and the OAM of a single photon are entangled [28, 29] . arbitrary topological charge q [18] . A similar technique has been also used by other groups for preparing polymer-LC q-plates, although these devices do not include the electric tuning feature [19] .
III. A Physical Mapping Between Polarization and OAM
Since its first introduction, in 2006, the q-plate has found already a number of applications. Many of them share a common underlying concept, i.e. the use of the q-plate for creating a physical mapping between polarization and a two-dimensional (2D) subspace of OAM. The mapping allows for the control of output OAM (within the subspace) using the input polarization of light, or vice versa. This in turn can be used for transferring the information (quantum or classical) contained in one property of the light into the other property. These transfer devices have been used to demonstrate many interesting quantum information processes, as will be reviewed in the next Section. Here, we focus instead on how the q-plate can be used to give rise to this physical mapping between polarization and OAM.
The concept of this mapping is pictorially illustrated in Fig. 3 . The 2D space of polarization is represented by the Poincaré sphere (corresponding to Bloch's sphere for generic 2D quantum spaces). A similar Poincaré-like representation can be used for any 2D subspace of OAM [23] . In particular, we are interested here in the OAM subspaces generated by a pair of opposite m modes (|m , |−m ), which will be denoted as o |m| . A q-plate in combination with other optical elements can be used to implement this mapping very simply, that is to convert an input mode that is described by a given point on one of the two spheres into the corresponding point on the other sphere, or vice versa. There exist both unitary and non-unitary optical schemes to accomplish this task. The non-unitary schemes waste a fraction of the input optical energy (i.e., they are 'probabilistic', in the language of quantum information, because a fraction of the photons are lost). However they can also be very simple. For example, a single q-plate followed by a linear polarizer can be used to [23] . The double arrow connecting the two symbolizes the one-to-one mapping that can be created using the q-plate in combination with other devices. The Poincaré sphere orientation is here chosen so as to have the circular polarizations (L = left and R = right) at the poles and the linear polarizations on the equator (in particular, H = horizontal, V = vertical, D = diagonal, A = anti-diagonal), while the OAM Poincaré-like sphere has the OAM eigenmodes (l and r) at the poles and the Hermite-Gauss-like modes on the equator (in particular, h, v, d, a) . The intensity patterns of some OAM modes is also sketched close to the sphere, for the case of an OAM with |m| = 2. [22, 29] . The first is based on a q-plate and a polarizing beam splitter (PBS). The second requires a q-plate and a zero-OAM-filter, as obtained by coupling into a single mode fiber (using a microscope objective, MO).
transfer the polarization input state into the corresponding OAM subspace o l with l = 2|q| (irrespective of the value of α 0 , which affects only a global phase), while a q-plate followed by an OAM m = 0 filter (such as an iris, or a single-mode fiber) can be used to transfer the OAM input mode into the polarization one [22] . These schemes, illustrated in Fig. 4 , have a 50% efficiency (or success probability), i.e. half of the input energy (or photon number) is lost in the conversion.
A 100% efficient unitary mapping, allowing for reversible mode conversion, can be obtained by combining a q-plate with an interferometer containing one or two Dove prisms [22, 24] . The most convenient geometry choice for the interferometer is the Sagnac one, which ensures a high stability and has been generally shown to be a very convenient tool for OAM manipulations [25] . This scheme, illustrated in Fig. 5 , is fully reciprocal and can therefore work in both directions.
This scheme was demonstrated experimentally in the classical regime [24] and very recently in the quantum single photon one [26] . Examples of the resulting modes on the OAM-Poincaré sphere for |m| = 2 and continuous variations of the input polarization are given in Fig. 6 . The interference fringes with a plane reference wave, also shown in the figure, were used to analyze the output mode phase structure.
We stress that this setup can generate a class of azimuthal transverse modes belonging to the given OAM subspace, including all modes that have the same azimuthal structure as the Hermite-Gaussian modes, with a theoretical efficiency of 100%. The choice of the Figure 5 . Sketch of the experimental setup that can be used for creating a unitary (deterministic) mapping of the polarization space and an OAM subspace (adapted from [24] ). The layout shown is that used to convert the polarization state into an OAM mode, but the converse is obtained by reversing the propagation direction of light (i.e., swapping the input and output lines). The QHQH set is a sequence of wave-plates used to select any given input polarization starting from the laser linear polarization, so it is not part of the "mapping" setup. The latter is instead composed of the q-plate, a polarization rotator (PR) and the Sagnac interferometer comprising three mirrors (M), a polarizing beam-splitter (PBS), and a Dove prism (DP) rotated at an angle of 11.25
• .
Downloaded by [Lorenzo Marrucci] at 14:39 13 June 2012 Figure 6 . Sequence of transverse modes belonging to an OAM bidimensional subspace with |m| = 2 obtained using the mapping setup shown in Fig. 5 and varying the input polarization. The OAM modes are shown in correspondence with the relative points on the Poincaré-like sphere. Both intensity patterns (a) and interference fringes with a plane reference used to determine the phase pattern (b) are shown (adapted from [24] ). generated mode is entirely controlled by the input polarization, which can be manipulated at very fast rates, in contrast to what can be obtained with a spatial light modulator.
IV. Survey of q-Plate Quantum Applications
The optical OAM has started being considered as a possible useful resource for photonic quantum information science and technology since 2001, after Zeilinger's group demonstrated generation of OAM-entangled photons by spontaneous parametric down conversion (SPDC) [27] . That the q-plate device could find particularly interesting applications in the quantum information field was immediately noticed and proposed theoretically [11, 28] , but the first experimental demonstration of the use of q-plates in the single-photon quantum regime had to wait a few years [29] . The surprisingly good resilience to optical misalignments of the OAM-encoded qubits prepared and analyzed using q-plates or other mode perturbations has been recently investigated [30] .
Most of the applications of the q-plate demonstrated so far descend from the mapping devices discussed in the previous section. In particular, in the quantum domain, these devices allow one to obtain a transfer of quantum information from the polarization (or SAM) subspace to the OAM one and vice versa. For example a single qubit initially encoded in the polarization of a single photon can be transferred to the OAM or vice versa by a transfer device, as was demonstrated first with probabilistic (non-unitary) schemes [22, 29] and very recently also with a deterministic setup [26] .
The ability to transfer the qubit state allows for the standard methods of polarizationencoded quantum information to be applied also to OAM-encoded qubits. This has for example led to the first experimental demonstration of the Hong-Ou-Mandel effect performed with OAM-carrying single photons, and to the associated first experimental implementation of the optimal quantum cloning protocol [31] . Another application of the qubit transfer devices was for demonstrating hybrid-entangled pairs of photons, i.e. an entanglement in which the polarization state of one photon is entangled with the OAM state of the other photon. This was obtained by two alternative methods: (i) generating polarization-entangled pairs (by type-II SPDC) and subsequently converting the polarization state of one of the photons into OAM [32] ; (ii) generating OAM-entangled pairs (by type-I SPDC) and then converting the OAM state of one of the photons into polarization [33] . The generated hybrid photon pairs were also used to explore the issues of quantum non-locality and quantum non-contextuality from a new perspective [33] . [34, 35] ). Panel (a) gives a pictorial representation of the cloning process based on the symmetrization method. This requires using a balanced beam splitter. The photon to be cloned must enter the beam splitter from one input port, while a photon in a fully randomized state (within the working Hilbert space) must enter the other input port. The cloning succeeds if the two photons emerge from the same output port of the beam splitter. In this case, the copying fidelity is maximal, i.e. equal to 0.7 (this limit applies to quantum space dimension d = 4). Panel (b) shows the experimental copying probabilities for each given input state chosen among four basis states and the corresponding four outputs [35] . It can be seen that exact copies are obtained with a probability of about 0.7, as predicted theoretically, while inexact copies have a probability of 0.1 for each state of the basis.
The main potential advantage of using OAM for quantum information is that of using its higher dimensionality or its combination with polarization for encoding more qubits in a single photon, or equivalently to encode in each photon a so-called "qudit", i.e., a quantum state living in a d-dimensional space with d > 2, in each photon.
We have recently started to exploit this possibility by demonstrating for the first time the generation and measurement of photonic ququarts (i.e., qudits with d = 4) based on both polarization and OAM, by exploiting q-plate-based schemes [34] . Next, we have demonstrated the first quantum protocol with these photon ququarts, i.e. optimal quantum cloning, which is pictorially illustrated in Fig. 7 [35] . These steps provide a first proof-of-principle demonstration of the potential of OAM for higher-dimensional quantum information technology.
In conclusion, in the last few years a number of advances in the field of OAM sprung from the introduction of the liquid crystal q-plate. This device, by allowing for a strong effective coupling of the spin and OAM of a photon, has shown a great potential for developing new classical and quantum photonic applications, and there are good reasons to expect that many others will follow.
